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A capillary surface S is the (equilibrium) interface between two adjacent fluids that 
• are also contacting rigid walls. Because the interface is in equilibrium one has 

^ information about the mean curvature of S and its contact angle t with the bounding 

walls. The general problem in the mathematical theory of capillarity is to use this 
geometric information to deduce properties of S. 

In this paper we study a particular contiguration for which S is the interface between 
two fluids in a vertical capillary tube, in the presence of a downward pointing 
gravitational field, S is the graph a function u whose domain is the (horizontal) cross 
section 0 of the tube. The mean curvature of S is proportional to its height above a 
fixed reference plane, T is a p. escribed constant and may be ta)cen between zero and »/2. 

The particular question we study here is, are there domains Q for which u is a 
bounded function but does not extend continuously to 30? We find simple domains to show 
that the answer is yes and study the behavior of u in those domains. 

In section 1 of this note we fix notation and briefly formulate the non-pa rametric 
capillary problem described in the second paragraph above. 

In section 2 we review an important comparison principle that has been used (in the 
literature) to derive many of the results in capillarity. It allows one to deduce the 
approximate shape of a capillary surface by constructing comparison surfaces with mean 
curvature and contact angle close to those of the (unknown) solution surface. In the 
context of non-parametric problems the comparison principle leads to height estimates above 
and below for the function u. We describe an example from the literature where these 
height estimates have been used successfully. We indicate areas of possible future 
applications. In section 3 we construct the promised domains for which the bounded u 
does not extend continuously to the boundary. The point on th«» boundary at which u has a 
jump discontinuity will be the vertex of a re-entrant corner having any interior angle 
0 > «. Using the comparison principle we study the behavior of u near this point. 

Much of this paper uses material from the note, **0r he behavior of a capillary surface 
at a re-entrant corner"^ and from other sections of the Ph.D. dissertation, "Capillary 
surface behavior determined by the bounding cylinder's shape" , by this author. 

Section 1; The r.f ’ arametric capillary problem 

For a Lipschitz domain Q in a function u e C^(2) n C^(2) is a classical 

solution to the capillary problem in a gravitational field if 

div Tu * 2 H(S^j) = Ku in 0 , (1) 

Tu = . ^ Dxj s qradu, h(S^j) - mean curvature of S^, ic > 0 , 

/l + iDul^ 

Tu*n cost on 3a, (2) 

0 < t < » prescribed, n * exterior normal to 30 . 

Physically describes the capillary surface formed when a vertical cylinder with 

^ horizontal cross section 0 is placed in an infinite reservoir of liquid having zero rest 

height. Then 

«c » where P ■ density of liquid 

g ■ (downward) acceleration of gravity 
0 s surface tension between liquid and air 

cost • ^1 * surface attraction between liquid and cylinder . 

(More generally, by picking the reference height u * 0 appropriately, can be the 

interface between any two different density fluids occupying a capillary tube. Then p is 
the density difference between the two fluids, is the difference in surface attraction 
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between the two fluids and the bounding cylinder, and o is the surface tension between 
the two fluids). 

Geometrically div Tu is twice the mean curvature of the surface S^. In some sense this 
is the average amount the surface is curving! Writing the surface locally as a graph above 
its tangent plane at a point P, C “ ^(n), then one can verify that at P div Tu is the trace 
of the Hessian of The correct choice of orthogonal coordinates n (called the princi- 

pal directions) makes the Hessian a diagonal matrix. Then div Tu is the sum of the curva- 
tures (second derivatives of in these principal directions and H(S^) is the average. 

Geometrically t is the contact angle between the (downward normal to the) capillary 
surface and the (exterior normal to the) bounding cylinder 3Q x R (see Figure 1). 

Thus if the cylinder is of uniform composition y is constant. We consider that case 
here. By considering the function -u if necessary (locking at the caijillary tube upside 
down) we can assume 

0 < y < n/2 . (3) 

The most natural way to prove the existence of capillary surfaces is to solve the 
variational problem associated to (1), ^2): u should minimize the ,nergy 

E(f) « / (o/l + iDfl^ * ^ £^) - J o f 

or equivalently 

E(f) « / /l + iDfl^ t 5 f^ - / vf, V « COST (4) 

a ^30 

over the appropriate space of functions. The three terms making up the energy functional 
are (in order! surface energy, potential energy from gravity, wetting energy. Emmer^ and 
Finn-Gerhardt^ have studied the existence of variational solutions tc the capillary problem 
in Lipschitz domains 0. (In particular, existence theorems are guaranteed for the 
particular piecewise smooth domains considered in section 3.) When it exists the function 
u is unique, real analytic in Q and satisfies (1) classically. Wherever 3(3 is smooth 
enough (C^), u extends smoothly and satisfies the boundary condition (2) classically^. 

(In' particular u can never be discontinuous at a point where 3(2 is smooth.) 



Figure 1: Configuration for the Figure 2s The comparison principle: If T < T 

non-narametric capillary problem. on 3d (wherever v < w/, then any Iasi? poiKt 

of contact between and S occurs inside 

d “ R. At such a point, H(S^7 > H(S^). 
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Section 2t The comparison principle 


Let be the domain being studied for the capillary problem* Let 0 be a (bounded) 
subdomain (possibly all of JJ), Let n be the exterior normal to ^0 * For a function 
u let Y denote the contact angle of with the subcylinder Jd « R. That is» 

Tu*n » c8sy^* The comparison principle fo^ non-parametric surfaces v“ related mean 

curvature and contact angle isx 


Theorem 

2.1i Let 

v,w e c^(0) 

and suppose that 

(i) 

wherever 

V < w in Of 

div Tv < div Tw 

(ii) 

wherever 

V < w on 30 

, Tv*n > Tw»n (i.e. Y^ < Y^; 

Then V 

io never 

actually less 

than w, V > w. 


As applied to mean curvature and contact angle Theorem 2 . A is due to Concus and Finn • 

It is a special case of a very general comparison principle fcr elliptic equations with 
suitable boundary conditions. 

We roughly sketch the classical proof of this theorem, assuming chat JO is smootl , 
that v,w e and that (ii) is replaced by the stronger 

(ii) wherever v < w on 30, 

(See Figure 2 . ) 

Juppose does not lie entirely above S^, Then lift until it reaches a point 

Q of last contact with S^* (Lifting does not affect its mean curvature or contact 

angle with 30 * R) . The condition (ii) implies that wherever v < w on 30# S^ rises 
more steeply than to meet 30 * R. Hence Q cannot be a bounaary point, on 

30 * R, and must instead be contained in 0 * R. Since Q is a point of last contact 
(the lifted) and are tan ■’ent there. But (the lifted) contacts at Q 

and never lies benenth it, so we must have H(S^) > H(b^) there. This contradicts (i). 
Thus did act tally lie above S^. 

Filling in the details to the preceding proof one would see that it is only the 
ellipticity of the mean curvature operator that is used (for both the boundary and interior 
arguments ) * 

There is another (less intuitive but still simple) proof that uses the divergence 
structure of the elliptic equation (1), (2). Using this proof and the fact that 
iTuI <1 it is possible to soe that 3d can be Lipschitz and that the boundary condition 
(ii) need only be attained in a certain we.'ik sense. In particular the comparison principle 
will hold for the piecewise smooth domains considered in section 3 and for the solutions 
u tc the capillary prc'^lems in these domains'^ • 

The specific form of Theorem 2.1 that we need for section 3 is: 

Coiollaiy 2. 2; Let 0 be piecewise smooth. Let u,v,w 6 C^iO) and suppose the contact 
angle for these three surfaces exists on the smooth parts of ^0 * Suppose 


div Tv < Kv, 

div 

Tu 

» div 

Tw > 

<w in 0 

Y < Y # 




Y 

> Y on 30 - 

V u 




w 

u 

Then v > u > w 

in 

0- 




Proof: We show 

V > 

u: 

Condition 

Ui) 

of Theorem 2.1 is satisfied on all of 30. 


Condition (i) is satisfied since v < u implies div Tv < xv < nj < div Tu. Thus v > v. 

Remark 2.3: Note that the comparison principle sounds backv/ards: If v has "less” mean 
curvature and “less" contact angle, lies above S^. If w has "more" mean curvature 

and "more" contact angle, lies beneath S^. 

Remark 2.4: One of the most successful uses of the comparison principle has bean to study 

the seemingly strange behavior of capillary surfaces above domains with corners, in the 
presence of gravity. This study was undertaken by Concus-Finn^ who showed that above a 
corner with interior angle 8 satisfying 6 < i - 2 y# u approaches infinity as the vertex 
is approached. In contrast they showed that for 6>w-2y#u is bounded, uniformly as 
the corner is closed. In the unbounded case they actually constructed a comparison surface 
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that describes u to within a constant. The methods we use in section 3 are very similar 
in spirit to theirs. 

There are other instances in the literature where the non-parametric comparison 
principle yields interesting height estimates, but I feel the general comparison technique 
has not yet been fully utilized, as the following three remarks indicate: 

Remark 2.5 ; Mean curvature and contact angle (i.e. capillarity) make sense in the more 
general parametric setting of surfaces. The proof of the comparison principle that I 
sketched roughly can also make sense in the parametric setting: If there are two 

surfaces and S 2 of "known" mean curvature (known in the sense that the mean 

curvature is determined by the perhaps unknown position of the surface), each making 
"known" contact angle with a fixed third surface S^, then by considering appropriate 
families of transformations of Sy relative to S 2 (not necessarily by r^gid motions), 
one can conclude location bounds on possible parametric cupillary surfaces. 

Remark 2.6 : There is a connection between comparison surfaces such as those in (5) and the 

energy functional (4). Roughly speaking if f is a candidate to minimize (4) and if one 
knows of supersolutions v or subsolutions w in the sense of (5) then one can assume 
without loss of generality that f lies beneath v and above w. This can be very useful 
in proving existence theorems, where it is often important to bound the minimizing 
sequence. For example, one r n give direct proofs of the existence theorems for 
"admissible domains" in the sense of Finn-Gerhardt^ using this observation and tie direct 
variational techniques of Emmer^. For parametric variational problems the connection with 
the comparison principle has to do with the families of surfaces described in Remark 2.5. 

I am currently investigating this area and believe it will yield existence theorems for 
parametric capillary surfaces (of the type pictured in Figure 3) depending naturally on the 
geometry of the fixed bounding walls. 

Remark 2.7 : Relatively little numerical work has been done computing capxilary surfaces. 

(There has been somc^.) The effective use of comparison surfaces can reduce the amount of 
computing time needed by giving a priori bounds above and below for the candidate functions 
(Remark 2.5). This can be especially useful in domains for which the capillary surface 
behaves in a singular fashion but for which good comparison surfaces can still be 
constructed, (for example the narrow wedges described in Remark 2.4 and the domains of 
section 3). 



Section 3; Re-entrant corner domains 


Let 6 and y satisfy 

* < 0 < 2tt, 0 < y < ^/2 . (6) 

We will construct a domain for which a bounded solution u to (1), (2) exists, but 
having a corner of interior angle 6 at which there is a jump discontinuity in u. (The 
arguments can be modified to include the case Y“0. If y = tt/ 2, u=0. All other cases 
reduce to one of these (3).) 

Determine the domain scale by fixing R > 0 (1 igure 4). Since 0 > 1 we can pick 0. 

and ©2 satisfying ^ 

> w ~ T, t/2 > ©2 > Y, ®2 " ® 

For positive e less th"»n RsinO^, let be a bounded domain, of which the 

intersection with B^j^(O) is shown in Figure 4, and which has boundary except at 

Pq and Pj^, is the disc of radius 3R centered at the origin.) 
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Figure 4: The intersection of Figure 5: The subdomains and 

with the disc of radius 3R. is tangent to 1, at Pq. is the 

circle through Pq and that hits 

with angle 

Lemma 3.1 ; There e.;ists a unique solution to (1), (2) in any It is bounded above, 

no*^negativ 2 , and extends smoothly to the smooth parts of 

Proof : The existence, regularity and boundedness follow from the references mentioned in 

section 1. The fact that u > 0 follows immediately from the comparison principle (Cor- 
2.2), comparing u to w = 0 on the entire domain 

We are interested in the behavior of u^ near Pq, as e approaches 0. We will show 
that u stays uniformly bounded in one sector touching Pq whereas in another it gets 
uniformfy large. It follows that eventually has a jump discontinuity at P^* 

Let be the subdomain of shown in Figure 5. Then we have 

Lemma 3.2 ; u^ is uniformly bounded in I^, independently of e. 

Proof ; We use the comparison principle, taking Q - I^. Our candidate for a supersolution 
is a function v whore graph is a lower hendsphere lying above B|^(Q). Its contact angle 
with 3Q = - is exactly w - 3.. (If a plane slices a sphere the contact angle 

is the same along the entire circle of contact.) But by (7), i -- 6^ < 7 , Along 

3Bj^(Q) n Q the hemisphere is vertical, ~ ^ ^ ^u ^ smooth there. Thus 

V satisfies the supersolution boundary condition of Cor. 2.2. We must lift the hemisphere 
high enough to make 

div Tv ^ *cv . (8) 

But div Tv = 2H(S^) = 2 /r, so (8) is satisfied if 
V > 2/R*c . 


This can be accomplished by placing the south pole at height 2 /Rk. Since the lower 
hemisphere varies in height by R, the comparison principle implies 

^ V < 2/Rk + R in I^ . 

This estimate is independent of c. (See Figure 6.) Q.E.D. 


(9) 
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Now fix with Y < 61 ^ e and lev 11^ be the subregion of 0^ as described in 

Figure 5. Then we have 

Lenutia 3.3 ; u^ approaches •• uniformly in II ^ as c approaches zero. 

Proof : We apply the comparison principle with 0 « candidate w for a 

subsolution is the "underside” of a torus. We take the unique (vertical) torus irt R'* 
containing C> and C 2 (Figure 5). It is generated by rotating about an axis 

parallel to tne y-axis and going through the point midway between and C 2 * Then 

in 11^ the "underside" T “ of the torus is the graph of 

w(x,y) * [^R - /x^ ^ (y - - (x - , 

where (x^,yj^) » . T contacts R with contact angle ®2 ^ ^ contacts *2 

with contact angle of at least 0^. It is vertical along and C 2 and has contact 

angle Y ■= 1 > y (since u is smooth along these arcs). Thus w satisfies the 
w u 

subsolution boundary condition of Cor. 2.2. In order to be a subsolution it must therefore 
bo low enough to satisfy 

div Tw > xw , 


Hut the mean curvature of a torus can be calculated and satisfies 


div Tw > i 


1 


R - r 

So it suffices tc 
1 


( 10 ) 


W ^ “(■“-' 


satisfy (^ - — - --:) > kw, i.e. 

) . 


K ' t R - r 

This can be done by placing the highest part of at the height (11). Since the total 

height of varies by no more than R, we then have 

1 


( 11 ) 




•c 'r R - r 


-) - R 


and by the comparison principle, 

“c • (12) 

But r is proportional to t and R is fixed, so (12) implies that u^ approaches 
infinity uniformly in II ^ as e approaches zero. 


Combining Lenmias 3. 1-3,3 imiwediately yields the desired: 


Theorem 3.4 : For € sufficiently small the solution u^ to the capillary problem (1), (2) 

in cannot be extended continuously to the vertex of the re-entrant corner of angle 0. 

One can study the behavior of u near the vertex more carefully- Consider for example 
the particulai case 6 = 3/2 w, 0^ = «, 6^ * i/2. (This is the domain one gets by pushing 

two vertically held microscope slides close together in a bowl of water.) Since 
becomes vertical near Pq the capillary surface must "look like" the picture in Figure 7: 
It has essentially no curvature in the vertical direction and its level sets are 
approximately circular arcs with curvature >cz. In fact, one can construct comparison 
surfaces having exactly that form near Pq (and then nK>dified slightly near their high and 
low points to conform to the comparison principle). An easy calculation then implies that 
the jump in u at Pq is given by 

lim sup u (P) - lim inf u (P) = + 0(1) (13) 

P+P P + P ^ 

as e approaches zero. For distilled water and ait k is approximately 13 cm and 
between water and glass the contact angle is near zero, so that one should be able to see a 
^ump of about 1 cm. by taking 


c • 2/13 cm , 


This IS quite narrow. Experimentally, better success will be obtained by using two 
fluids of approximately the same density (so that x is considerably reduced). (Also, for 
a jump of only 1 cm. the 0(1) term in (13) could still play a destructive role.) 
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Figure 6: A lower hemisphere contact- Figure 7: The asymptotic behavior of u . 

3 If ^ 

ing x R with angle less than (Here 6 = — , - if, ~ 

Y. The "underside" of a torus with 
angle of contact greater than Y- 

Remark 3.5 ; V;hat happens in the complimentary case of convex corners? As remarked in 
section 2, if 0 < if - 2 y u approaches infinity uniformly. Simon has shown that in the 
case n - 2 y < 6 < 2if u actually extends to be at the vertex®. Therefore it seems 

that the only way u can have a jump discontinuity is if there is a re-entrant corner. 
This is actually correct; u extends continuously to a point on the boundary of a 
Lipschitz domain if the boundary is locally C'^ or locally convex there'. 
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